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$+ \frac{p(p-1)(p.-2)(p-3)(p-4)}{23\cdot 4\cdot 5\cdot 6}Cn^{p-5}$
$- \frac{p(p-1)(p-2)(p.-3)(p-4)(p-5)(p-6)}{2\cdot 34\cdot 5\cdot 6\cdot 7\cdot 8}Dn^{p-7}$
$+\cdots$
$A,$ $B,$ $C,$ $D$ , $\cdot\cdot\cdot$
$A= \frac{1}{6},$ $B=- \frac{1}{30},$ $C= \frac{1}{42},$ $D=- \frac{1}{30}$
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1, $\frac{1}{2}$ , $\frac{1}{6}$ , $0$ , $\frac{1}{30}$ , $0$ , $\frac{1}{42}$ , $0$ , $- \frac{1}{30}$ , $0$ , $\frac{1}{66}$ , $0$

































$P$ $f(x)$ $1^{o},$ $2^{o}$ $f(x)=s_{p}(x)$
$p$ $-f(x)$ $1^{\text{ }},$ $2^{o}$ $-f(x)=s_{p}(x)$
(5) $2fp(p\geqq 3)$ $s_{p}(x)$ $x+ \frac{1}{2}$




. $u=x+ \frac{1}{2}$ $s_{p}(x)$ $u$




$s_{p}(x)$ $u=x+ \frac{1}{2}$ $u$
$p$ $s_{p}(x)=-s_{p}(-x-1)$ $x=u- \frac{1}{2}$
$s_{p}(u- \frac{1}{2})=-s_{p}(-u-\frac{1}{2})$
$s_{p}(x)$ $u=x+ \frac{1}{2}$ $u$
(6) 2 $fp(p\geqq 3)$ $s_{p}(x)$ $(x(x+1))^{2}\cross(x(x+1)$
$)$
$2|p$ $s_{p}(x)$ $x(x+1)(2x+1)\cross(x(x+1)$ $)$
$p$ $s_{p}(x)=s_{p}(x-1)+x^{p}$ (4)
$s_{p}(x)- \frac{1}{2}=s_{p}(x$ $1)+ \frac{1}{2}x^{p}=x_{p}(s-1)+\frac{1}{2}x^{p}$
$x=0$ $0$ $x^{2}$ (4) $s_{p}(x)$
$(x+1)^{2}$ $s_{p}(x)$ $(x(x+1))^{2}$




(7) 2 $fp(p\geqq 3)$ $b_{P}=0$
$2|p$
$b_{2}<0$ , $b_{4}>0$ , $b_{6}<0$ , $\cdot\cdot\cdot$
$B_{p}=(-1)^{p}b_{2p}=(-1)^{p-1}s2p’(0)$ $(p=1,2,3, \cdots)$
$B_{p}$
$p$ $((p\geqq 3)$ (6) $s_{p}(x)$ $b_{p}=0$












$2\parallel p(p\geqq 3)$ $b_{p}=0$
$2|p$
$b_{2}<0$ , $b_{4}>0$ , $b_{6}<0$ , $\cdot\cdot\cdot$
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$q$ $B_{1},$ $B_{2},$ $\cdots$ , $B_{*^{-3}}$
$q$








216 91 30 6
343 127 36 6
512 169 42 6










2 $Y^{p}$ $s_{p}(n)$ $s_{1}(n)$
$2|p$ $s_{p}(n)$ $s_{2}(n)$ $s_{1}(n)$
$p=17$
( Ivo Schneider:Johannes Faulhaber $(1580\sim 1635)$ Reichenmeister in einer Welt des
Umbruchs)
(5)
$\bullet$ Jakob Bernoulli $\circ$
$\bullet$ Leonhard Euler (1707$\sim$ 1783)
Euler
$B_{1}x^{2}+ \frac{2^{2}}{5!}10\cdot B_{2}x^{4}+\frac{2^{4}}{7!}14\cdot B_{3}x^{6}+\frac{2^{6}}{9!}18\cdot B_{4}x^{8}+\frac{2^{8}}{11!}22\cdot B_{5}x^{10}+\frac{2^{10}}{13!}26\cdot B_{6}x^{12}+\cdots$
$= \frac{1}{2}-\frac{1}{2}x\cot x$
(De Summis Serierum Numeros Bemoullianos Involventium (1769))
$\bullet$ C.G.J.Jacobi (1804$\sim$ 1851)
Jacobi
(De usu legitimo formulae summatoriae Maclaurinianae, J.Reine Angew.Math., 1834)
$s_{3}(x)$ $=$ $s_{1}(x)^{2}$
$s_{5}(x)$ $=$ $\frac{3}{4}s_{1}(x)^{2}(s_{1}(x)-\frac{1}{4})$






$\bullet$ Augustin Louis Cauchy (1789 $\sim$ 1857)
Cauchy (R\’esum\’es Analytiques (1833))
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$B_{1}= \frac{1}{6},$ $B_{2}= \frac{1}{30},$ $B_{3}=\underline{1}$ , $\cdot\cdot\cdot$ ( )42’
$\frac{x}{1-e^{-x}}=1+\frac{1}{2}+B_{1}\frac{2^{2}x^{2}}{1\cdot 2}-B_{2}\frac{2^{4}x^{4}}{1\cdot 2\cdot 3\cdot 4}+B_{3}\frac{2^{6}.x^{6}}{1\cdot 2\cdot 34\cdot 5\cdot 6}-\cdots$
$\frac{e^{nx}-1}{1-e-x}=n+xs_{1}(n)+\frac{x^{2}}{1\cdot 2}s2(n)+\frac{x^{3}}{1\cdot 2\cdot 3}s_{3}(n)+\cdots+\frac{x^{m}}{1\cdot 2\cdots m}s_{m}(n)+\cdots$
$s_{m}(n)$ $=$ $\frac{n^{m+1}}{m+1}+\frac{n^{m}}{2}+B_{1}\frac{m}{2}n^{m-1}-B_{2}\frac{m(m-.1)(m-2)}{23\cdot 4}n^{m-3}$
$+B_{3} \frac{m(m-1)(m-.2)(m.-3)(m-4)}{2\cdot 34\cdot 56}n^{m-5}-\cdots$
$\bullet$ A.W.F.Edwards
Edwards Faulhaber Jacobe
(A Quick Route to Sums of Powers, Amer.Math.Monthly, 1986)
$(x(x+1))^{P}-(x(x-1))^{P}=2[{}_{p}C_{1}\cdot x^{2p-1}+{}_{p}C_{3}\cdot x^{2p-3}+{}_{p}C_{5}\cdot x^{2p-5}+\cdots]$
$(n(n+1))^{P}=2[C\cdot s_{2p-1}(n)+C\cdot sp$
$n(n+1)=2s_{1}(n)$





$=x^{2p+1}+1c_{1x^{2p}+C_{2}\cdot x^{2p-1}+Cs\cdot x^{2p-2}+C_{4}\cdot x^{2p-3}+}p+1p+1\cdots$






































$(1640?\sim 1708)$ ( 1711)
( 1 )
12 11 10 9 8 7 6 5 4 3 2
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24 66 20 90 24 42 12 30 462
1, 12, 66, 220, 495, 792, 924, 792, 495, 220, 66, 12, $0$
1, 6, 11, $0$ , $- \frac{33}{2}$ , $0$ , 22, $- \frac{33}{2}$ , $0$ , 5, $0$ , $0$
2
2, 12, 22, $0$ , $-33$ , $0$ , 44, $0$ , $-33$ , $0$ , 10, $0$ , $0$
12 2
24
$s_{1}(n)$ $=$ $(n+1)n\div 2$
$s_{2}(n)$ $=$ $((2n+3)n+1)n\div 6$
$s_{3}(n)$ $=$ $((n+2)n+1)n^{2}\div 4$
$s_{4}(n)$ $=$ $(((6n+15)n+10)n^{2}-1)n\div 30$
$s_{5}(n)$ $=$ $(((2n+6)n+5)n^{2}-1)n^{2}\div 12$
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$s_{6}(n)$ $=$ $((((6n+21)n+21)n^{2}-7)n^{2}+1)n\div 42$
$s_{7}(n)$ $=$ $((((3n+12)n+14)n^{2}-7)r\iota^{2}+1)n^{2}\div 24$
$s_{8}(n)$ $=$ $(((((10n+45)n+60)n^{2}-42)n^{2}+20)n^{2}-3)n\div 90$
$s_{9}(n)$ $=$ $(((((2n+10)n+15)n^{2}-14)n^{2}+10)n^{2}-3)n^{2}\div 20$
$s_{10}(n)$ $=$ $((((((6n+33)n+55)n^{2}-66)n^{2}+66)n^{2}-33)n^{2}+5)n\div 66$
$s_{11}(n)$ $=$ $((((((2n+12)n+22)n^{2}-33)n^{2}+44)n^{2}-33)n^{2}+10)n^{2}\div 24$
$s_{1}(n)$ $s_{11}(n)$ $n=3$
[ ]
( $n^{7}$ ) 1
( $n^{6}$ ) 7 $\frac{1}{2}=\frac{7}{2}$
( $n^{5}$ ) 21 $\frac{1}{6}=\frac{21}{6}$
( $n^{4}$ ) $0$
( $n^{3}$ ) 35 $\frac{1}{30}=-\frac{35}{30}$
( $n^{2}$ ) $0$























1 5 10 10 5 $0$
1615 2015 6 $0$




























$15$ 10 $0$ $-1$
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6 Jakob Bernoulli




$p=1,2,3$ $p=1,$ $\cdots,$ $10$
Summae Potestatum.
$\int n$ $= \frac{1}{2}nn+\frac{1}{2}n$ .
$\int nn=\div n^{l}+\frac{1}{2}nn+\frac{1}{6}r\iota$ .
$\int n^{8}=\div n^{\ell}+\frac{1}{2}$n$ $+\div nn$ .
$\int n\=\div n^{5}+\frac{1}{2}ll$ $+ \div n\*-\frac{1}{30}n$ .
$\int n$ $= \div n^{\mathfrak{g}}+\frac{1}{2}n$ $+ \frac{5}{12}nr-\frac{1}{12}nn$ .
$\int n^{6}=\frac{1}{7}n^{1}+\frac{1}{2}n^{t}+\frac{1}{2}n^{f}r-\div n^{S}$ $+ \frac{1}{42}n$ .
$\int r\iota^{7}=\div n^{l}\dotplus\frac{1}{2}n?+\frac{7}{12}n^{6*}-\frac{7}{24}n*+\frac{1}{12}nn$ .
$\int n^{8}=\div n^{l}+\frac{1}{2}n^{\epsilon}+\frac{2}{3}n^{7}*_{-\frac{7}{15}\#^{f*}}+\frac{2}{9}$n$ $*- \frac{1}{30}n$ .
$\int n^{1}=\frac{1}{10}n^{10}+\frac{1}{2}n$ $+ \div n^{\epsilon s}-\frac{7}{10}n^{t*}+\frac{1}{2}n*-\frac{1}{12}nn$ .
$\int n^{10}=\frac{1}{11}n^{11}+\frac{1}{2}n^{10}+\frac{s}{6}ll^{l}*-1’\prime^{1}*+\iota n*-\frac{1}{l}n^{f}*+\frac{5}{\infty}n$ .
$\frac{1}{p+1}n^{p+1}+\frac{1}{2}n^{p}+\frac{p}{2}An^{p-1}-\frac{p(p-1)(p-2)}{2\cdot 3\cdot 4}Bn^{p-3}$
$+ \frac{p(p-1)(p.-2)(p-3)(p-4)}{23\cdot 4\cdot 5\cdot 6}Cn^{p-5}$
$- \frac{p(p-1)(p-2)(p.-3)(p-4)(p-5)(p-6)}{2\cdot 34\cdot 5\cdot 6\cdot 7\cdot 8}Dn^{p-7}$
$+\cdots$
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$A,$ $B,$ $C,$ $D,$ $\cdots$










(1692 $\sim$ 1744) (1740?)











$k-1,$ $k-2,$ $\cdots$ $\frac{1}{7}$ )
720 $n$ $+$ 1764 $n^{2}$ $+$ 1624 $n^{3}$ $+735n^{4}$ $+\iota_{\overline{(}5n^{5}}$ $+21n^{6}$ $+n^{7}$
$-120n$ $-$ 154 $n^{2}$ $+$ 49 $n^{3}$ $+140n^{4}$ $+$ 70 $n^{5}$ $+14n^{6}$ $+n^{7}$
48 $n$ $+$ 28 $n^{2}$ $-$ 56 $n^{3}$ $-$ 35 $n^{4}$ $+$ 7 $n^{5}$ $+$ 7 $n^{6}$ $+n^{7}$
$-36n$ $+$ $0n^{2}$ $+$ 49 $n^{3}$ $-$ 14 $n^{5}$ $+n^{7}$
48 $n$ $-$ 28 $n^{2}$ $-$ 56 $n^{3}$ $+$ 35 $n^{4}$ $+$ 7 $n^{5}$ $-$ 7 $n^{6}$ $+n^{7}$
$-120n$ $+$ 154 $n^{2}$ $+$ 49 $n^{3}$ $-140n^{4}$ $+$ 70 $n^{5}$ $-14n^{6}$ $+n^{7}$
1, 57, 302, 302, 57, 1 5040
$\frac{1}{5040}(120n-840n^{3}+2520n^{5}+2520n^{6}+720n^{7})$








1 11 11 1
1 26 66 26 1
1 57 302 302 57 1
$1\cross 2+1\cross 2=4$ , $4\cross 2+1\cross 3=11$ ,
$1\cross 3+4\cross 2=11$ , 11 $\cross 3+11\cross 3=66$ , $\cdot\cdot\cdot$
$1\cross 4+11\cross 2=26$ , $26\cross 4+11\cross 2=302$ ,
$1\cross 5+26\cross 2=57$,





110 35 50 24 $0$
115 85 225 274120 $0$




1 11 11 1
1 26 66 26 1
( )
24 $n$ $+50n^{2}$ $+35n^{3}$ $+10n^{4}$ $+n^{5}$
$-6n$ $-$ 5 $n^{2}$ $+$ 5 $n^{3}$ $+$ 5 $n^{4}$ $+n^{5}$
4 $n$ $-$ 5 $n^{3}$ $+n^{5}$
$-6n$ $+$ 5 $n^{2}$ $+$ 5 $n^{3}$ $-$ 5 $n^{4}$ $+n^{5}$
$\cross 1$ 24 $n$ $+50n^{2}$ $+35n^{3}$ $+10n^{4}$ $+$ $n^{5}$
$\cross 11$ $-66n$ $-55n^{2}$ $+55n^{3}$ $+55n^{4}$ $+11n^{5}$
$\cross 11$ 44 $n$ $-55n^{3}$ $+11n^{5}$











1 11 11 1
126 66 26 1
1 57 302 302 57 1
” ” $p$ $k$ $A_{k}^{p}$
$A_{k}^{p+1}$ $=$ $(p-k+2)A_{k-1}^{p}+kA_{k}^{p}$








21 3 2 $0$
3 1 6 11 6 $0$
41 10 35 50 24 $0$
5115 85 225 274 120 $0$



















1, 57, 302, 302, 57, 1
720 $k^{6}$
$($ 1 57 302 302 57 $1)\{\begin{array}{l}120 274 225 85-120-12-242412 -26-2627444 -225-15-1515 -5-58525 -15-9-31539 111111\ovalbox{\tt\small REJECT}\end{array}$
15 25
$=(0$ $0$ $0$ $0$ $0$ $720)$
$($ 1 57 302 302 57 $1)\{\begin{array}{l}720-12048-3648-120\end{array}$
1764 1624 735 175
$-154$ 49 140 70





$=(120$ $0$ $-840$ $0$ 2520 2520 $720)$




(1 1) $(\begin{array}{ll}l l-1 l\end{array})=(0$ $2)$
$($ 1 4 $1)(\begin{array}{ll}32 1o_{-l} l2-3 1\end{array})=(0$ $0$ $6)$
$($ 1 11 11 $1)(\begin{array}{lll}6 6l1 1-2 2_{-l} l2 -2_{-1} 1-6 ll-6 l\end{array})=(0$ $0$ $0$ $24)$
$($ 1 26 66 26 $1)\{\begin{array}{llll}24 3505 10 1-6 5-5 5 14 0-5 0 1-6 55 -5 l24 -5035 -10 l\end{array}\}=(0$ $0$ $0$ $0$ $120)$
$($ 1 57 302 302 57 $1)[-121202412$ $-26-2627427444$ $-225-15-152251515$ $-5-585252585$ $-15-3-91593$ $111111]=(0$ $0$ $0$ $0$ $0$ $720)$
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(1 1) $(01$ $22$ $01)=(1$ 4 $1)$
$($ 1 4 $1)(\begin{array}{llll}1 3 0 00 2 2 00 0 3 1\end{array})=(1$ $1)$
$($ 1 11 11 $1)(00010024033042000100]=(]$126 66 26 $1)$







1 11 11 1
1 26 66 26 1
1 57 302 302 57 1
$p$
$k$ $A_{k}^{p}$
$A_{k}^{p+1}$ $=$ $(p-k+2)A_{k-1}^{p}+kA_{k}^{p}$ (1)
$n^{p}$ $=$ $\sum_{k_{=}- 1}^{p}A_{k}^{p}(\begin{array}{ll}n+k -1p \end{array})$ (2)
$\sum_{m=1}^{n}m^{p}$ $=$ $\sum_{k=1}A_{k}^{p}p(\begin{array}{l}n+kp+l\end{array})$ (3)
(1)










$=(A_{1}^{p+1}$ $A_{2}^{p+1}$ $A_{3}^{p+1}$ ... $A_{p+1}^{p+1})$
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$p=5$
$($ 1 26 66 26 $1)\ovalbox{\tt\small REJECT}_{0}^{1}0000002500340043005200001000\ovalbox{\tt\small REJECT}=(1$ 57 302 302 57 $1)$
(2) $g\kappa\# 9$
$p=6$
$n^{6}=(\begin{array}{l}n6\end{array})+(\begin{array}{ll}n +1 6\end{array})+(\begin{array}{ll}n +2 6\end{array})+(\begin{array}{ll}n +3 6\end{array})+(\begin{array}{ll}n +4 6\end{array})+(\begin{array}{l}n+56\end{array})$
$=$ $\frac{n(n-1)(n-2)(n-3)(n-4)(n-5)}{6!}+57\frac{(n+1)n(n-1)(n-2)(n-3)(n-4)}{6^{\ovalbox{\tt\small REJECT}}}$










$=$ $\sum_{k=1}^{p}(p-k+1)A_{k}^{p}(p:1nk)+\sum_{k_{-}--1}^{p}kA_{k}^{p}(\begin{array}{ll}n+k -lp+1 \end{array})$
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$=$ $\sum_{k=1}^{p}A_{k}^{p}((p-k+1)(p:1nk)+k(n+k-1p+1))$
$=$ $\sum_{k=1}^{p}A_{k}^{p}(\frac{n+k}{p+1}(p-k+1)+\frac{n+k-p-1}{p+1}k)(\begin{array}{ll}n+k -lp \end{array})$
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